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Torgerson (1952) introduces his multidimensional scaling as the first practical method of representing 

proximity (similarity, dissimilarity) relationships among objects in a multidimensional space or a 

configuration. The method is called metric, which means that the observed proximities are assumed to be 

interval or ratio scaled values. Shepard (1962a, b) and Kruskal (1964a, b) introduced methods which are called 

nonmetric multidimensional scaling. Nonmetric multidimensional scaling assumes that the observed 

proximities are ordinal scaled values. This mean that only the information which of two proximities is larger 

(or smaller) than the other is utilized in the analysis. The nonmetric multidimensional scaling of Kruskal 

(1964a, b) has been used most frequently in practical applications of multidimensional scaling, and several 

multidimensional scaling methods based on the similar idea of Kruskal (1964a, b) have been introduced. The 

multidimensional scaling developed so far assumes that the proximity is symmetric.  

Several researchers focused their attention on the asymmetry in various sorts of proximity; 

similarity/dissimilarity judgment, same/different judgment, reaction time, social and psychological distance, 

and so on. It is meaningful to develop asymmetric multidimensional scaling which can represent asymmetric 

proximity relationships among objects in a configuration. Various kinds of procedures to analyze an 

asymmetric proximity matrix were invented. We concentrate on the multidimensional scaling which is based 

on the distance among points, each representing an object, in a multidimensional space (distance model).   

The asymmetric multidimensional scaling by Okada and Imaizumi (1987) represents asymmetric proximity 

relationships among objects by the interpoint distance in a multidimensional configuration. The distance 

between two points is symmetric. It is difficult to represent asymmetric relationships simply by the interpoint 

distance, because the distance itself is symmetric. The model of Okada and Imaizumi (1987), which is called 

Distance-radius model, represents an object by a point and a circle [two-dimensional model] (sphere [three-

dimensional] or hypersphere [larger than three-dimensional]) centered at the point in a multidimensional space. 

Several models were derived from the model.   

Multidimensional scaling mentioned above, regardless of metric or nonmetric and of being able to represent 

asymmetry or not, analyzes one proximity matrix (object x object) or one-mode two-way proximities (Carroll 

and Arabie, 1980). To analyze a set of proximity matrices each comes from a source (object x object x source) 

or two-mode three-way proximities, INDSCAL was developed by Carroll and Chang (1970). INDSCAL can 

represent relationships among objects and how each source (individual) has different relationships among 

objects each other. While INDSCAL can represents differences among sources, it cannot represent the 

asymmetry in relationships among objects of each source. The model of Okada and Imaizumi (1997) is an 

extension of the Distance-radius model which can analyze a set of asymmetric proximity matrices or two-

mode three-way asymmetric proximities. The asymmetric multidimensional scaling of Okada and Imaizumi 
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(1997) can represents asymmetric relationships among objects, and how each source has different symmetric 

and asymmetric relationships among objects each other as well. Several models, which are less restricted or 

more restricted, have been derived from Okada and Imaizumi (1997).  

To analyze one-mode two-way asymmetric proximities, there is another asymmetric multidimensional 

scaling by Okada (2011) and Okada and Tsurumi (2012) which is based on the singular value decomposition. 

The asymmetric multidimensional scaling has been utilized to analyze mainly the data from marketing research 

or brand switching. Several models and procedures have been derived by extending the model of Okada (2011) 

which can, for example, evaluate newly introduced brands, diagnose brands, tell how to increase the dominance 

of a brand in the brand switching... Another sort of procedure to analyze one-mode two-way asymmetric 

proximities is asymmetric cluster analysis, which can represent asymmetric proximity relationships among 

objects by forming clusters (Okada & Iwamoto, 1966; Okada & Yokoyama, 2015). It is important and 

meaningful to develop not only multidimensional scaling but also cluster analysis as well so that we can use 

two different kinds of methods to analyze the same proximity data (Arabie & Hubert, 1994).  

There are quite a few number of applications of asymmetric multidimensional scaling and cluster analysis. 

While these applications are not mentioned here because of the space limitation, some of them will be 

mentioned in the talk. The present abstract deals only with researches of the author and his colleagues. Bove 

and Okada (2018) gives a review which covers a wide range of asymmetric multidimensional scaling and 

asymmetric cluster analysis in detail. Some books mention the analysis of asymmetric relationships. Borg and 

Groenen (2005) has a chapter of asymmetric multidimensional scaling. Coxon and Coxon (2001) refers to 

asymmetric multidimensional scaling.  
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